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  ABSTRACT    

    

This paper presents a certain method to determine the range of variability ( or the set 

of values) of some  functionals  defined in the  Class 

C  (i.e  the class  of analytic 

functions in the unit disk )1z(D   of the form: 
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 It have been shown in this class that the range of variability  of the functional 

)z(f)f(F 0  is the closed disk Rww  0  where 
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The estimations of modulus of  function and some other estimations related were also 

obtaind. 
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 ملخّص  
 

يقدم هذا البحث طريقة معينة لتحديد مستقرات بعض الداليات العقدية المختارة  في الفضاء     
C  وهو فضاء

 لواحدة التي تقبل التمثيل التكاملي الآتي:التوابع التحليلية في قرص ا
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z(f)f(F(وقد تم البرهان على أن مستقر الدالي  0  في هذا الفضاء هو القرص المغلقRww  0 
 حيث 
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 . تم الحصول على تقدير طويلة التابع في هذا الفضاء وتقديرات أخرى مرتبطة بهكما 
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Introduction 
 

One of the fundamental extremal problems considered in the domain of complex 

functions is concerned with determining the range of variability (or the set of values)  of 

the functional  

 

  1                                ]zf  ,... ,z'f ,zf[ F  =)f(J 0
n

00  

   

 defined on some space E  of analytic functions where 0z  is a fixed point of the 

domain in which the function f is defined. Denote this range by B and his boundary by . 

If the space E  is compact and connected  then B is closed and  also connected [5]. So, in 

order to characterize B it is enough to determine his boundary  . 

  A survey  of methods and results can be found among  others in [2], [6]  and [10].    

  

  In this paper we shall present a certain method to determine the range of variability 

of the functional  1  defined in the class of functions f  possessing an integral 

representation in the unit disk  1zD   when it has the linear form: 
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where  0k za , 0,1,...nk   are some complex functions in D  

 

 

The aims and importance 

It is justified by various reasons to investigate the integral functionals in spaces of 

complex functions because the fundamental functionals still very often examined are 

expressed in a simple way by integrals. 

 

Methods 

We shall apply the method of Structural Formulas [1] for classes of  functions having 

an integral representation in Stieltjes sense like qE  and 

C   (which would be soon defined) 

and use other properties like convexity and connectedness of these spaces.The virtue of this 

method is that one can obtain good results using simple tools. 

 

Consideration and Results in qE  

Let qE  denote the class of functions f  given by the formula 

 3                                       
b

a
 tμdtz,q)z(f  

where  tz,q  is an analytic function in the unit disk D  for every fixed  b,at  

and )( t  is a nondecreasing function  in the interval  b,a such that     1ab  . 

Denote the class of functions )( t  by ]b,a[U  
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This class is known as the class of functions possessing an integral representation and 

 3  is known as the Structural Formula for the class qE . In this class  the following 

properties are true [1]: 

 

Property 1. The class qE is compact and connected in the topology of almost uniform 

convergence. 

 

Property 2. If qEf   then the set B of values of the functional 

 

 4                            
b

a 00  tdt,zq)z(ffJ  ,   ]b,a[Uμ  

 

is closed, connected and convex and its boundary is a curve given by : 

  

  5                              bta   ,t,zqtw: 0   

 

The convexity of  fF  here follows from the convexity of   . 

An essential example of this class is the Caratheodory Class [9], i.e. the class of 

analytic functions f  in the unit disk D  with a positive real part and   10f      (this class 

is denoted by C). It is well known ([3]and [8]) that the functions of this class has the 

following integral representation:  
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where ],[  U  and     1  ). 

 

We see that the Class C  coincides with the class qE  when we put      
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Another example  is the  Class  of analytic functions of the form: 
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defined in the unit disk with ],[  U . This class was denoted by C  and studied 

in [4]. 

 

We  now return the functional  2  and show the following theorem:             . 

 

Theorem 1.  If 0,1,...nk  ,)z(ak   are some continuous functions on the unit disk 

D and 0z  is some fixed point in this disk,  then the set B of values of the functional   
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is closed , convex and bounded by the curve , which equation is: 
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and )t,z(q 0  is given by  3 . 

 

Proof.  Differentation of  both sides in the formula  3 gives the relations: 
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Puttting 

 10                                   )t,z(qza  t,zW 0
k
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we obtain the functional  8  depending only on )( t  and  so we can write: 

 

   11                          .tdt,zW fJ
b
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Noticing the analogy between  t,zW 0  in  11  and  t,zq 0  in  4  it follows 

immediately from property2 that the set B is closed and convex with boundary  given by: 

    bta   ,t,zWtw: 0   

where  t,zW 0 is given by  10 . 

 

 The problem in the Class  

C  

 

Let 

C  denote the class of  functions given by the formula: 
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where 10  ,10   ,D z    and ],[  U . Note that the Class 

C  

coincides with the family qE  when we put :     
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Theorem 2 . The set of values of the functional (2) with β
αCf   is closed, convex 

and bounded by curve  which equation is: 
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Proof. Differentating  both sides in the formula  12  we obtain : 
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and so we get  14  immediately from theorem1. 

Notice that heorem2  (and other properties) remain true if we assume in definition 

that ,1  and  1   

Example. Find the sets of values of the functional  

)z(''f
4

1
)z('f
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1
)z(f)f(F 000   

 at point 0z0   for 

Cf   and 1  .   
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Solution: Making use of  14 we have at point 0z0  : 

                      t2iikt e2
4

1
e

2

1
1t,0Hth    ee1 it2it  . 

So by theorem 2 the set B of values of the given functional is bounded by the curve  

given by equation  )t(hh  :  where 

 

                                  t-     ,ee1th it2it   . 

 

To find the form of this curve we put )t(h  in the form ivuh    so that: 

t2sintsinv

t2costcos1u




 

and  

      tcos22t2sintsint2costcosv1u
2222

  

On the other hand by putting:  
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tcos21tcosu 




 

we can omit the parameter t  by squaring and adding both sides after taking into 

account that 

  1v1utcos21 22
 . 

In this case we get the equation of   in the following Cartesian form: 

 

   22222
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and this at the same time determines the boundary of  B (the set of values of given 

functional) . 

 

 The functional  0zf  

Theorem 3. The set of values of the functional )z(f)f(F 0  when 

Cf    

coincides with  the closed disk Rww  0  where 
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Proof.  Let  B be the set of values of the functional  
β
α)z(f)f(F Cf     ,  0 . 

 

According to theorem 2 the set B is closed and convex and its boundary is given by 

equation   )t(w  w:  where 
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To find the form of this curve we put )t(w  in the form ivu)t(w    and assume 

that θireyxz  000 . Then we get  
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Where rz 0  and θtφ  . Now by putting: 

  φsinyφcosxp 00  ,   

  φcosyφsinxq 00   

we find p  and q in the form: 
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Now noticing that 
22

0
22 rzqp   the parameter φ  can be omitted by squaring 

and adding  both sides in the above equations . A simple calculation shows that: 
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and this equation leads to the following one: 
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The last equation represents a circle Rww  0  with center and radius given by 

 15 .Thus the closed  disk Rww  0  is the set of values of the given  functional. 

 

Some estimations in the Class  

C  

 

Theorem 2 helps to get the estimations of modulus of function in the Class 

C  and 

some other  estimations related. 

 

Theorem 4. In the Class 

C  the following estimations are true:  
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Proof. 1) To prove  19  we notice that theorem 2 ( relation  18 ) gives:  

 

   
 

2222

2

022

2

0
r 1

r 
 

r1

r 1
zf

r1

r 1
zf


























  

for every fixed point 0z  chosen  arbitrarily in the unit disk, with rz0  . So the 

following inequalities are true in the hole unit disk D :   
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where rz   , and so  19  is true.    

 

2) To prove  20  its enough to notice in theorem 2 that the center of the disk 

Rww  0   lies on the real axis . And then  20  follows from the relations: 
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3) Finally since the n-th derivative of function  zf  is given by the formula 

   

 
  ,...,,n,tμd

zeα

eααβ!n
)z(f

π

π
nit

int

321

1
1






 





     

 

 
 

1-n
n

              22   

then  21  holds by the inequalities: 
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where rz  <1. 
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The Estimations of Coefficients  

Theorem 5.  If  
β
αCf   and 

   23                              1 z  ,... +zb+ ... zbzb1)z(f n
n

2
21   

then the following estimations are true: 
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Proof. The coefficients of the function )z(f  in Taylor Expansion  23  are given by 

the relations: 
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and so the inequalities  24  hold. 

 

 Remarks and results   

If we put 1    then  the Class 

C  coincides with the Class C  defined by 7 . 

As a consequence of theorems 4 the following properties  are true in Class C :   
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for every  Drez i  
. 

Besides this the coefficients of the function C)z(f   in Taylor Expansion  23  

satisfy the inequalities: 

  ,...3,2,1n  ,2b 1-n
n    

which shows that the estimates  2nb  hold  for every  n .  

If just 1   then  the Class 

C  coincides with the Class C  defined by 7  and 

similar estemations to  19 -  21   and  24 hold [4]. 

 

 Open problems 
1. Determinate the range of variability  of functionals 
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when 
β
αCf   and  z 0 is an arbitrary point of the unit disk such that  0z Re 0  . 

2. Let T denote the family of functions 

1z        ,... +za+ ... zaz)z(f n
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2
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where an
 are real numbers[11]  . It is well known [12] that the functions of this class 

can be represented by the following ( structural) formula 
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where )t(      ,U  .  The functions of this class belong to qE .  How to 

determine the range of variability of t functionals  29 ?  

     3.  In Class T consider similar estimations to  25 -  28 . 
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