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  ABSTRACT    

 

 

The  objective  of  this  paper  is  studying  Lie group  G(X) on  algebra X and  define 

two norms in this algebra and give some properties of two-norm algebras which are 

topological, and relate some concepts with the topological notions introduced by 

A. Alexiwicz [1].               
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 ممخّص  
 

تعريرف نظيمرين فري هرذا الجبرر ودراسرة و   Xفري الجبرر    G(X)إن الهدف من هذا المقال هو دراسة زمررة  لري 
بعررا الاصررائل  لرجبررور ثنائيررة النظرريم الترري هرري بتررد ذاتهررا فعررال تبولرروجي وربررا بعررا الم رراهيم الجبريررة بالم رراهيم 

تيرث بنيرت  A. Alexiwicz [ 1]التبولوجيرة ونن هرذا الدراسرة تعتبرر تعميمرا لرجبرور ثنائيرة النظريم  المعرفرة مرن ار ل 
 ى زمر لي.في هذا المقال  عر
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Introduction: 
A vector space or algebra over a field of real or complex numbers will be denote by 

X . For the sets A and B in X we write  
};{},,;{.},;{ 11 AaaABbAaabBAAaaA    

A topological space T is called Hausdorff if for any two distinct points p1; p2  M 

there exists open sets U1;U2  T with 

p1  U1; p2 U2; U1 U2 = . 
A map between topological spaces is called continous if the preimage of any open set 

is again open. 

 

The important of research and its objectives: 
The object of this paper is to generalize the notation of two-norm algebras introduced 

by A.Alexiewicz[1]. First of all we consider topologies in algebras which arise from two p-

homogeneous norms. 

 

Research methods and materials: 
Let M be a manifold ,An open chart on M is a pair (U  U is an open subset 

of M U onto an open subset of R
n
. 

Definition 1:[2].  A smooth manifold M is an n-dimensional Hausdorff space where 

in the neighborhood of any point  p M there exists a chart of  n-dimension.                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                              

Definition 2:[2] A  Lie group is a group that is also a smooth manifold such that the 

multiplication map: 

GG

GGG

gg

ghhg









1

:

:
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Are smooth. Space with a transitive G action for a Lie group G are called as     is a  

homogeneous space. }1||;{ 32  xRxS homogeneous space. Write  a 

We shall denote by e the unit element of the algebra if existing. G(X) and G0(X) will 

denote the multiplicative Lie group of the algebra X and the set of quasi invertible  
elements.() will denote the neighborhood filter of zero for the topology .  
Definition 3.[3].The function ||  ||: XR is said to be  p-  homogeneous norm or 

shortly p-norm where 0<p1 if  || . || satisfy the following conditions: 
(1)  ||x||=0 iff  x =0 
(2)  ||x+y|| ||x|| + ||y|| 
(3) ||x||= ||

p
||x|| 

And (X,||  ||) is said to be topological vector spaces or t.v.s. has a neighborhood basis 

of zero composed of bounded set. 
Definition 4.[3]: The triplet  (X, || ||,|| ||0) is said to be p-two- norm space if X is a 

vector space and  || ||,|| ||0 are two p- homogeneous norms, the first being finer then the 

second one. This is the case if and only if there exists a constant k such that ||x||0  k||x|| for 

every xX. 
Let 0 denote the topology generated in X by the metric (x,y) = ||x-y||,let Sn={xX; 

||x|| n}. By  we shall denote the finest vector topology on X which induced on S a 

topology coarser than 0. such topology exist.                                                                  
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Dsefinition 5. [3]: Let  (X, || ||,|| ||0)  be p-two- norm space, suppose that in X defined 

multiplication of elements  making X together with the vector operation an algebra . If 

multiplication is continuous  for the topology  then (X, || ||,|| ||0) is called p-two norm 

algebra, the topology  is then called multiplicative                                                       
Theorem 1. The topology  is multiplicative if and only if 
(i) there exists a constant  such ||xy||  ||x||||y||  
(ii) for every U (0) there exists a V (0) such that S(VS)U,    (VS)SU. 
Proof: Necessity. The set S is 0 –bounded, for if xnS ,n0, then 

||n xn || =|n|
 p

 || xn ||0 . 
The set SS is also 0 –bounded, Indeed let ||xn||1, ||yn||1,n0, then 
  

0||||||||  nnnnnnn yxyx   
Let us prove the necessity of the condition (i).  
1-Suppose, if possible, that there exist xn, yn  such that 
     ||xn||1, ||yn||1,|| xn yn||>n|| xn|||| yn|| ,Then      ||xn||0 ||yn|| and  

1||
||||||||

||
/12/1/12/1


p

n

p

n

p

n

p

n

yn

y

xn

x  

This is impossible, since 1||||||/||||||||/|| /1/1  p

nn

p

nn yyxx   
We now prove that the condition (ii)is necessary. Observe first that the set S is 0 –

bounded. Indeed, let xnS ,n0, then ||n xn || =|n|
p
 || xn ||0,therefore ||n xn ||0 0 

Next observe that the topology 0 is coarser than . To see this choose a sequence 

(Un) of 0-neighberhoods of zero, such that U1 +U1 U, Un+1 +Un+1 Un  for  n=1,2,3,... 
Then  .)(:

11

UUVandinisSUV
i

n

i

n  










     

Now let U be in (0). Since the topology  is multiplicative and 0 , so there 

exists W() such that WU. Thus WW=VnS where Vn(0) and therefore 

(V1S)WU. Since the set W is 0-bounded, W  V1 for some  > 0 and it is enough to 

choose V = min(,-1
)V1. The second part of (ii) is proved similarly.  

2-The sufficiency of both conditions. Since ||xy||||x||||y|| introducing a new p-norm  

||x||=||x|| we obtain a sub- multiplicative p-norm equivalent to ||x|| for which the unit ball 

equals -1/2p
S, and we can set Un  -1/2p

S give also the neighborhood basis of zero for . 

So we can suppose freely that ||xy||  ||x|| ||y|| and therefore that SS  S  
II- On continuity of the inverse 
Let the algebra X has the unit element e and denote by G(X)  the multiplicative Lie 

group of X. We  shall say that  the inverse is - continuous if: 

exthenexXGxifb

XGinarexallalmostthatimpliesexa

nnn

nn





 



1,),()(

)()(
 

Nink   somefor   

  x  xand G(X)in  are  xallalmost then ),( if that followsit condition    thisFrom -1

0

-1

knn0  

 XGxxn  

The condition (b) is equivalent to the following one: 
 || x||sup then,   e x, G(X) Let x)( -1

n
n

nn  b  
The necessity of this condition being obvious, we only need to prove its sufficiency.  
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||1||||x||||)x-1 (x|| ||1- x||

Then .n allfor      ||1-x|| such that    0  a exists There

cases. h twodistinguis  We1. xG(X),let  x So
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  /)(||1||.)(||||x1||/)x-(1|| that Provided 00

/1

nn  n

p xwhenei  
 


||1x|| implies     ||1-x|| enough, small being  0then 0,||1-x|| lim 2. -1

nnn
n

 

)(||)1(||)(||||,||||)(

)(1)(||||,||||)(

:RR:gf,functions exist two  there,continuous- is inverse  When the

1

0

0

qgximpliesqfxqxd

XGximpliesqfxqxc

thatsuch











 

Definition 6.[4] A topological  algebra (X,) is called inverse continuous if the 

multiplicative lie group G(X) is -open and the map x x 
-1

 is -continuous on G(X) 
Theorem 2. A p-two norm algebra ( with unite) equipped with the Wiweger topology 

is inverse continuous if and only if the inverse is  -continuous. 
Proof: The necessity being obvious, we prove the sufficiency.  

1-So let us suppose that the inverse is  -continuous. First we prove that G(X) is   -

open. It is enough to 

)1(,
)(

   g(1),(1),Let   G(X).1 that show 11111  
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We shall prove that: 
nnnii xxandXGxxthenxxif    ||)...1(||)(...1,||||,1||||(*) 1

1110  

For .)1(||)1(||)(1,1 1

1

11   gxandXGxn Suppose now that(*) holds for 

The element x1,…, xn and let us suppose that x1,…, xn , xn+1 fulfill the assumption (*). 
Let, nn vandXGvthenxxv   ||)1(||)(,...1 1

1  
Thus .||||||||||||||||)1(...1: 1

1

1

1

1

1

1

1 nnnnn vxvxvandxvvxxw  
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And since )/)((||||,1||||,1||||||/|| 1011

/111

nnnnn

p fwxxvv  

  

We obtain by (3)  .||||),(
)(

|||||||| 11

01

1

nn

n

n

n vforf
f

vxv 



 




  

Hence by (c)   and G(X)  w thereforeand)(1 1

1  

 XGxv n   
11

1 )1(||)||||1(|||||||||| 

  nnnnxvvw   

From (*) it follows that 





1

0 1:},||||;{
n

nn SUUsetthethenwxXxU   

Which is a -neighborhood of 1. is contained in G(X). 
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2-We now prove that the inverse is  - continuous at 1.  we shall consider two 

neighborhood bases for  the first B1  composed of sets of  form   





1n

n SP   

Where Pn (0 ), the second  B2 composed of sets of form  





1

)1(
n

nnn SQ    

Qn (0 ). It is enough to show that for every  U belongs to B2 there exists V belongs 

to B1 such that   .1)1(),(1 1 UVandXGV     
We can choose .0},||||;{ 0  nnn xXxQ    
Let  ))/(,,1min()),/(,min( 11111  nnnnn ww    
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So (II) is true for n = 1. Suppose now it is valid for any set of  n  elements, and let 
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Whence  
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}||||;{ nnn xXxP  To obtain the desired result it is enough to choose  
This concludes the proof. 
 Example:  An  example a p-two norm algebra may serve the algebra V

p
 for 0<p<1. 

The element of V
p 

 are function x from <0,1> to R whose p-variation is finite.  
The p-variation, varpx, of the function x is defined as the supremum of all the sum  

1...0;|)()(| 10

1

1 


 n

p
n

i

ii ttttxtx  

All three algebra operation are defined point wise. Let us introduce the p-norms 

}10;|)(sup{|||||
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We obtain p-two norm spaces. From the obvious inequality  
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 algebra. norm- two-p a is  )||||||,||,(V that followsIt 0

p   
 The function equals to 1 its unit element. The sequence (xn) of element V

p 
is 

uniformlytxtotendtxandx nnp )()()(var 0 -convergent to x0 if and only if     
.  1,0on  

  , 
var
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1
 then var0,1}t0 |;x(t)| { inf  if that shown calculatio simpleA 
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p
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If follows that the inverse is -continuous, and G(V
p
) consist of functions different 

from zero.  
The neighborhood basis of zero for the topology  consists of sets of form  



n

i

nW
1

;   

}||||,1var;{ 0 np

p

n xxVxW   with some .0n  
 

Conclusion:  
The problem arises as to the condition  |||||||||| xx p   Characterizing p-normed    

 a being ||  || f,function  real some with ||x||)f(||x||by replaced be could spaces    
Fréchet  norm? 

whence||,||)()(||||)(|| ||||x||)( havemust   wecase In this xffxfxf    
)()()(  fff   for arbitrary  ,  and 0)( f  for   o . since the function 

||)(|| xff   is continuous, the function f also must be so. 
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it is well known that this is the case if and only if .||)( pxxf    
Also we can ask if the p-homogeneity of the norm might be replace 

||||)(|||| xfx    together with .0)(lim
0







f This also gives nothing new, since in this 

case the ball }1||||;{  xXx . must be bounded and the theorem of Aoki-Rolewicz the 

Fréchet  norm  ||  || must be equivalent to p-norm. 
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